Working Paper No. 983 August 2024 ISSN 1473-0278

School of Economics and Finance




Regression Modelling under General Heterogeneity

Liudas Giraitis!, George Kapetanios?, Yufei Li?
!Queen Mary University of London

2King’s College London

August 22, 2024

Abstract

This paper introduces and analyses a setting with general heterogeneity in regression
modelling. It shows that regression models with fixed or time-varying parameters can
be estimated by OLS or time-varying OLS methods, respectively, for a very wide class
of regressors and noises, not covered by existing modelling theory. The new setting
allows the development of asymptotic theory and the estimation of standard errors. The
proposed robust confidence interval estimators permit a high degree of heterogeneity in
regressors and noise. The estimates of robust standard errors coincide with the well-
known estimator of heteroskedasticity-consistent standard errors by White (1980), but
are applicable to more general circumstances than just the presence of heteroscedastic
noise. They are easy to compute and perform well in Monte Carlo simulations. Their
robustness, generality and ease of use make them ideal for applied work. The paper
includes a brief empirical illustration.
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1 Introduction

Regression analysis is the cornerstone of statistical theory and practice. Ordinary least
squares (OLS) has been applied, within various regression contexts, to build an extensive
toolkit, for the exploration of economic and financial datasets. The basic theory underlying
OLS estimation and inference in regression models has been mostly settled for the best part
of a century (see e.g. Lai and Wei (1982)). Relatedly, the problem of robust estimation has
been a focus of empirical work in economics starting with the seminal work by White (1980)
and its importance is well-understood in applied econometrics: Angrist and Pischke (2010)
indicated that “Leamer (1983) diagnosed his contemporaries’ empirical work as suffering from
a distressing lack of robustness to changes in key assumptions” and Leamer (2010) reflected
that “sooner or later, someone articulates the concerns that gnaw away in each of us and

asks if the Assumptions are valid.”

Most recent theoretical developments have been focused on allowing more general and
robust regression settings. An important elaboration has been the consideration of settings
where the regression coefficient changes across different observations within the available
dataset. Relatedly, allowing more general structures for regressors and regression errors has

also been a major focus.

Our paper aims to provide important extensions to a regression setting and allow a very
general environment for regressors and error terms. One practical implication of our hetero-
geneity setting is that standard errors can be easily computed. Likewise, the investigation
of structural change in the parameters of statistical and econometric models has received
increasing attention in the literature over the past couple of decades. This development is
not surprising. Assuming, wrongly, that the model structure remains fixed over time has
clear adverse implications, such as inconsistency of parameter estimators and associated test-

statistics, and major forecast failures.

The modelling of deterministic smooth evolution of parameters has a long pedigree in
statistics, such as linear processes with time-varying spectral densities introduced by Priest-
ley (1965). The context of such modelling is nonparameteric and has been followed up by
Robinson (1989), Robinson (1991), Dahlhaus (1997), some of whom refer to such processes
as locally stationary. This approach, however, has not been prominent in other applied areas,

such as economics, where, random coefficient models dominate.

Various methods have been proposed to identify and handle structural change. In early
contributions, changes were supposed to be deterministic, to occur rarely, and to be abrupt.
Testing for the presence of parameter breaks leads back to the ground-breaking work by Chow
(1960), see e.g. also Brown et al. (1975), Ploberger and Kramer (1992). More recent standard
approaches allow for random evolution of parameters, where changes can be either discrete,
as in Markov Switching models Hamilton (1989) or threshold models Tong (1990), continuous

as in smooth transition models Terasvirta (1998), or driven by unobservable shocks, as in



random coefficient models Nyblom (1989). Cogley and Sargent (2005) use random coefficient
models for stochastic volatility, and Primiceri (2005) studies whether changes in parameters
or in the variance of shocks - policy or otherwise - gave rise to the period of macroeconomic
calmness, referred to as the “Great Moderation”, after 1985. In these models, parameters

typically evolve as random walks or autoregressive processes.

Building on this work, Giraitis et al. (2014), Giraitis et al. (2018), Dendramis et al.
(2021) and others have developed a theoretical framework for random coefficient models and
their estimation using kernel methods which performs well in finite samples. They have
trivial computational cost and are easy to use in applied work, for example, Chronopoulos
et al. (2022) showed the empirical prevalence of persistent volatility, and, that GARCH
type volatility structures might be less common, than previously thought. However, a full
treatment of estimation and inference within a general regression model, has not, surprisingly,

been provided.

This paper combines and extends these two related but distinct work strands in a very
general regression context. Firstly, we start by considering OLS estimation and inference, in
the presence of heterogeneity or scale factors in both regressors and regression error terms
which allow to capture heterogeneity in data. Very little is assumed about these scale factors,
i.e. sample moments of regressors and regression error may not possess well defined limits.
This necessitates novel theoretical analysis of OLS estimation and its associated standard
errors. We clarify the relevance of our theory by showing how standard OLS inference fails
even in very common regression settings, while robust estimation trivially solves the inference
problem. While the form of our proposed inference coincides with that of White (1980), it is
applicable, and indeed necessary, in a much wider context than just heteroscedasticity. For
example, standard OLS inference does not apply to stationary autoregressive models with
martingale difference innovations, see section 5. Our inferential methods can accommodate
many other commonly adopted models, which have no heteroscedastic features, as defined in
White (1980), or more generally, regression with missing data. Further, we consider robust
OLS estimation of time-varying regression parameters, in our general regression setting which

permits a very wide class of regressors and regression noises.

The overall outcome is a general theory for regression models with fixed and time-varying
parameters under minimal assumptions on regressors and regression errors. Robust standard
errors are also derived and are easy to compute. Extensive simulations illustrate that robust
regression estimation procedures are well behaved, unlike commonly used alternatives. This

setting is well suited to modelling economic and financial data.

The remainder of this paper is structured as follows. Section 2 presents the regression
setting that allows for heterogeneity and dependence and outlines the theoretical results
for the fixed parameter case. Section 3 extends the analysis to the time-varying regression
parameter case. In Section 4 we show that our approach allows regression for a wide range

of missing data patterns. Section 5 discusses the robust estimation of an AR(p) model.



Sections 6 presents Monte Carlo simulation results. In Section 7 we provide an empirical
example of the application of the robust regression analysis to the modelling of asset returns,
and in Section 8 we conclude. The proofs of our results are given in the Supplemental
Material.

2 OLS estimation under general heterogeneity

In this section we focus on the ordinary least squares (OLS) estimation in environment

permitting general heterogeneity in regression modelling. We analyze the model
yr = Bz +us,  up = hgey, (1)

where (3 is a p-dimensional vector, z; = (21, ...., 2pt)’ is a stochastic regressor and u; is an
uncorrelated noise. To allow for an intercept, we can set the initial component z1; = 1 to be

equal to 1.

Our primary interest is to expand the OLS estimation procedure to a broad setting
outlined by structural assumptions aligned with empirical research. They cover variety of
types of potential regression variables that may appear in applied work, and match the
generality of the setting used in Giraitis et al. (2024) in testing for absence of correlation and

cross-correlation under general heterogeneity.

We start with specification of an uncorrelated noise u;. We suppose that
U = hté‘t, (2)

where {e;} is a zero mean stationary uncorrelated martingale difference noise and {h:} is a
deterministic or stochastic scale factor which is independent of {e;}. More specifically, we

impose

Assumption 2.1. {e;} is a stationary martingale difference (m.d.) sequence with respect to
some o-field filtration Fy:

Ele¢|Fio1] =0, Eef < oo, Ee?=1.
{et} is independent of {hi}. Moreover, variable €1 has probability distribution density f(x)
and f(z) < ¢ < oo when |x| < xg for some xoy > 0.

The information set F; will be generated by the past history F; = o(es, s < t) and possibly

other variables.

We suppose that the regressors z; = (214, ..., zpt) have the following structure which is

the key feature of our regression setting. For k=1, ..., p,

2kt = Wkt T Gkt (3)



where n; = (Mg, ..., Mpe)" is a stationary sequence, ¢+ = (git,...., gpt)’ are deterministic or
stochastic scale factors, and u = (uye, ..., Mpt)/ is a vector of deterministic or stochastic

means. We assume that {u¢, g, he} are independent of {e;, n:}.

To account for the intercept in regression model (1), we can set

21t = 1= p1e +gume, p1e=0, gu=nuz=1 (4)

We suppose that in (3) Eng = 0 except for the intercept (4) where n; = 1.

Regression setting (3) permits regressors z; = (21, ...., 2pt)’ with time-varying conditional
mean, pg = Elzk |Fp], and conditional variance, g7, = var(zy|F;), with respect to the
information set F,; = a(ut, gi, he, t =1, .., n) generated by scales and means.

The underlying stationary sequence {m;} plays an important role in our environment,

although estimation of regression parameter § requires relaxed conditions on {n;}.

Definition 2.1. We say that a (univariate) covariance stationary sequence {&} has short
memory (SM) if Y 52 |cov(&n, &o)| < oo.

Assumption 2.2. 1, = (Ni¢, ..., p)’ is Fi—1 measurable sequence, E[n,%t] =1 and E[nét] <

00.
(i) For k,j =1,....p, {ni} and {njr:} are covariance stationary SM sequences.

(i) Elmn,y] is a positive definite matriz.

The novelty of this regression setting is that the structural postulation (3) of regressors
z allows for a very wide class of scale factors and means {h¢, gs, 1t} which can be both
deterministic and stochastic and brings OLS estimation closer to practical work. Estimation
procedure permits triangular arrays of the means and scale factors (,ut, g, he, t=1,.., n) =
(,unt, Gnty hne, t=1,.., n) - they may vary with n. We skip the subindex n for the brevity

of notation.

Denote for k=1, ..., p,

n n
2 272 2 2
Uk = ngtth Vgk = ngt' (5)
t=1 t=1

We will write a,, < by, if a, = Op(by,) and b, = Op(ay).

Assumption 2.3. The scale factors hy > 0 and g > 0 are deterministic or stochastic non-

negative variables such that for k =1,...,p,

2 2
maxi<i<n g maxiy<¢<n W
2 ok = op(1), 02 e op(1), (6)
gk gk



To estimate the parameter 5 = (81, ..., Bp)’, we use the standard OLS estimator
N n 1 n
B=(D_ =) (D 2w) (®)
j=1 j=1

based on a sample y;,2;, 7 =1,...,n.

Consistency. First we establish consistency of the OLS estimator B . Set D = diag(vy, ..., vp).

Theorem 2.1. Suppose that (y1,...,yn) is a sample of dependent variable (1) and Assump-
tions 2.1, 2.2 and 2.3 are satisfied. Then, the OLS estimator B 18 consistent:

D(B = B) = (v1(B1 = B1)s s up(By — By)) = Op(1). 9)

Theorem 2.1 implies that the k-th component Bk: of the OLS estimator B is vg-consistent:
Ek — B = Op(vk_l). It is worth noting that the rate of convergence of B\k may differ across k
and depart from the parametric rate /n. Observe that vy, vg, > cv/n if gge, hy > ¢ > 0 for

all t,n.

Assumption 2.3 is satisfied by regressors z; and noises u; which have bounded 4 + § moment.

Lemma 2.1. Suppose that z;, u; are such that v]% =, n, vgk =pn fork=1,..,pand
Ezf, <c¢, Elu|** <c¢ for some >0, (10)

where ¢ < 0o does not depend on t,n. Then Assumptions 2.3 and 2.4 (i) hold.
It follows directly from the proof of the lemma, that (10) implies v7 = O,(n), ng = Op(n).

Asymptotic normality. Asymptotic normality property for an element Bk of the OLS
estimator and computation of standard errors requires additional assumptions on scale factors

and stationary processes {1, }.

Assumption 2.4. (i) Fork,j =1,...,p, {ez}, {njiniei} and {njiei} are covariance station-

ary SM sequences. (ii) For k=1,...,p,

2 p2 2 1,2
maxi<t<n g ht maxi<t<n W ht
= o) = o). (11)

We will describe standard errors using the following notation.

— n / _ n )
Sz = Zt:l ZtZ¢s Szzuu = Zt:l 2tz Uy,

Q= (E[S:: ’f;])ilE[Szzuu ‘}—;](E[Szz |F;D71 = (wjk)' (12)

Generality of our regression setting limits asymptotic theory for 3,5 we can establish. While

multivariate asymptotic theory for Bt is not available, we can derive the asymptotic normality



property for linear combinations a’ B\ of elements of B\ and we can build feasible asymptotic

theory for components S of 3.

Theorem 2.2. Suppose that assumptions of Theorem 2.1 are satisfied and Assumption 2.4
holds. Then, for any a = (a1, ...,ap) # 0, the OLS estimator B has property:

a'D(B - B)
\/WW —a N(0,1). (13)

The t-statistic for the parameter B, k =1, ..., p satisfies

Br — B
o N(0,1). (14)

Property (13) does not appear to be workable since it requires estimation of D, €2,,. One prac-
tical application of (13) is that it implies (14), where standard error ,/wgi can be consistently

estimated by computing
On =5 S200S2 = @), W=y~ Bz (15)
Corollary 2.1. Under the assumption of Theorem 2.2, for k =1,...,p, as n — 00,

B — Br Wkk —1
Pk Pk L NO,1), % _140,(1), o=, vl 16
\/m d ( ) Wk Op( ) Wkk P Uk: ( )

This result is the main contribution of Section 2. It enables an easy computation of standard
errors and building confidence intervals for the regression parameters [ contained in g =

(B1, ..., Bp)’. The novelty of this finding is that the order of the standard error /wg; may

1/2 they may be random, and they do not require to exhibit

1/2.

differ from the standard one n™—

asymptotic behaviour, i.e. to be proportional to n~
Notable, the estimator Q,, of robust standard errors in (12) coincides with the well-known
estimator of heteroskedasticity-consistent standard errors by White (1980). The regular
estimator of standard errors in OLS regression estimation is:
n
Of(st —1~2 ~2 -1 ~2
Qb = 57162 52—y Zuj. (17)
j=1
Differently from the robust standard errors /&g, they produce size distortions in estimation
of B in regression model (1), see Section 6. This emphasizes the flexibility of the robust

standard errors and good performance of the normal approximation (16) even when we divert

to very complex regression models with arbitrary scale factors g;, hy and means pi;.



3 Time-varying OLS estimation under general heterogeneity

In this section we extend the regression setting (1) to allow for time-varying parameter (;.

We consider the model

where regressors z; and regression noise u; are as in (3) and (2) and permit the same degree

of heterogeneity as the model (1).

Of primary concern is to develop a point-wise estimation procedure for the path 51, ..., 5,
of the time-varying parameter 3; in model (18). While {n;, ;} and {u;, g;, h;} will remain

the same as in Section 2, the estimator and assumptions require some amendments.

The idea of estimation of time-varying parameter (5; is rather straightforward and will
be reduced to large extent to estimation theory for regression model with a fixed parameter.
Assume that there are kernel weights by, ;; > 0 such that b, ;; — 0 as [t—j| — co. We multiply
both sides of (18) by b2 to obtain a regression model:

n,tjy’
here 7 = b2y, 3; = b-/? d 7; = b2 u;. With thi do not ch the struct
where y; = b, ;yj, 2j = b, ;25 and u; = b, uj. Wi is, we do not change the structure

of regressors z; = (Zit, ..., 2pt) and @, and only multiply the means p; and scales g, hy by
brll/fj in settings (3) and (2).

This leads to a regression model with a fixed parameter S;:
Ui =Bzt +ry, j=1..n (19)

which includes an additional error term r; = (/8]’ —

the term r; is negligible because of “smoothness” of parameter 3; when j is close to ¢, and

B;)z;. It is rather easy to show that

because of the down-weighting of data when j is distant from ¢. It follows directly from (19)
that ; can be estimated by the OLS estimator

n

B=(>"%%) " (O 5w).
7j=1 j=1

Asymptotic theory for Bt will succeed from the estimation theory for fixed parameter in

Section 2 by setting r; = 0 in (19).

Returning to the notation of the original regression (18), we obtain the following time-

varying OLS estimator of the regression parameter [;:

Beo= (O buiziz) T (O buaiziv)- (20)
j=1 j=1



The weights b, ;; are generated like this. Set

|t =4l

buty = K(*—

)a tv.] = 17'-'7n7 (21)

where H = H,, is a bandwidth parameter such that H — oo and H = o(n). The kernel
function K is bounded and there exist ag, 6 > 0 and # > 3 such that

K(x) > ap>0, 0<z <4, (22)
K(z) < Cz7% z>0.

For example, (22) is satisfied by functions K (x) = I(z € [0,1]) and K(x) = p(z) where p(x)

is probability density of the standard normal distribution.

We need a smoothness assumption on the time-varying parameter 3; which can be determin-

istic or stochastic.

Assumption 3.1. For some v € (0,1], fort,j =1,...,n it holds

BB = BII” < C(H;j’)h, (23)

where ¢ < 0o does not depend on t,j,n.

Regressors z; and standard errors have the same structure as in Section 2. While as-
sumptions on stationary process {7;} and m.d. noise {¢;} remain the same as in Section 2,
for simplicity of presentation, we replace complex assumptions on the scale factors g, hy and
the means p; by simple sufficient assumptions similar to those used in Lemma 2.1. As before,
scale factors {h¢, gt, pe} can be deterministic or stochastic, they may vary with n and they

are independent of {n,e:}.

Denote
2 _ 2 2312 .2 _ 2 2 _
Ukt = Z?:l bn,tjgkjhj’ Vok,t = Z?:l bn,tjgkj? k=1,...p.
Assumption 3.2. Fork=1,...,p, v,%t =, H, ng,t =p, H and
Ez}, <c¢, Elu** < ¢ for some § >0, (24)

where ¢ < oo does not depend on t,n.

The proof of Lemma 2.1 shows that (24) implies v, = O,(H), vﬁkt = O0,(H).

To describe standard errors, we will use the following notation.

_\"n o) N 32 2
Sazt = Zj:l bntj%iZj;  Szzuut = Zj:l bt %i%iU5,



Qnt = E[Szz,t]71E[Szzuu,t]E[Szz,t]71 = (wjk,t)-

The next theorem establishes consistency rate and the asymptotic normality property for the

components of the time-varying OLS estimator B\t = (Elt, ceey Bpt)/-

Theorem 3.1. Suppose that (yi,...,yn) is a sample from a regression model (18). Assume
that Assumptions 2.1, 2.2, 3.1 and 3.2 are satisfied. Then, for1 <t=t, <nandk=1,...,p,
the following holds:

Brt — Bre = Op(H Y2 + (H/n)?), (25)

Dre =Bt ) n(0,1)  if H = o(n®/4D), (26)

VWEk,t
and . /Wik,t =p H_1/2.
The unknown standard errors , /Wi ; can be estimated using the estimator
~ . . R R ~
Ont = S SezautSeny = @ing), Uy =y5 — Bjz;. (27)

Corollary 3.1. Under assumption of Theorem 3.1, for k = 1,...,p, assuming that H =
o(n®Y/ 7)Y it holds

Bt — Brt Ly N(0,1), Wik, t

A\ /@kk,t WEkk,t

=1+ 0,(1). (28)

Computation of standard errors m is straightforward. It is worth noting that under
general heterogeneity the scale factors hy, g;, p; in model (18) are unknown, standard errors
might be random and the limit of HY/ 2\/% may not exist. The univariate asymptotic
normality for a component Bkt of Bt still can be shown, although such general environment

does not allow establishing multivariate asymptotic theory for ﬁt.

The estimator {1,; of robust standard errors in (27) is a time-varying version of heteroskedas-
ticity-consistent estimator of standard errors by White (1980). Simulations confirm that it
does not produce coverage distortions in estimation of 5; under settings considered in this

section.

Example 3.1. A typical example of a deterministic time-varying parameter 3; which satisfies
Assumption 3.1, is By = B = g(t/n), t = 1,...,n, where g(-) is a deterministic smooth
function that has property |g(x) — g(y)| < Clz —y|. Such B: satisfies (23) with v = 1.

A standard example of a stochastic smooth parameter By is a re-scaled random walk By =

Bin = n~Y? Z;:l ej, t = 1,...,n, where {e;} is an i.i.d. sequence with Ele)] = 0 and

E[ejz] < 00. It satisfies (23) with v = 1/2, that is for t > s,
E(B: — 53)2 = n_lE(Z§:s+1 ej)z <C(t-s)/n.

10



4 Regression with missing data

Given the interest in empirical regression analysis, when some observations y; or regressors
z; might be missing, see, e.g., Enders (2022), we present below somewhat unexpected results
on regression estimation showing that the results of Section 2 and 3 allow to cover various

settings of missing data patterns.

Estimation of fixed parameter. Suppose that y; follows regression model (1) with fixed
parameter [3, regressors z; as in (3) and regression noise u; as in (2) of Section 2. Our primary

interest is to estimate parameter 8 using subsample of y, z;’s:

(yj17zj1)7"'7(yjNasz)a N <n.

To that purpose, we introduce missing data indicator 7, t = 1,...,n: we set 7 = 1 if both
y; and z; are observed, otherwise 73 = 0. Overall, missing data indicator 7; is a sequence of
random or deterministic variables, i.e. the indicator of regularly missing, block-wise missing
or randomly missing data. Then, setting (v, z;) = (0,0) for any time period ¢, where either

Y Or z; 1S missing, we arrive at a sample y1, ..., Yn, Y+ = Te¥s, from regression model
gt:ﬂ/zt—i_ﬁh t= 17"'7”7 (29)

where regressors z; and the noise u; are obtained from z; and u; by multiplying the means

and scale factors by 7:

Zit = [kt + GktMkt, Pkt = Telkts Gkt = TtGkt (30)

ug = hey,  hy = Tihy.

We will impose the following assumptions on the missing data indicator, z;,u; and scale

factors g;, hy which imply that the model (29) is covered by the setting (1) of Section 2.
Assumption 4.1. Missing data indicator {7} is independent of {e¢,n:} in (2) and (3).

Assumption 4.2. (i) Regressors z; and the noise uy satisfy moment assumption (10), and
there exists ¢ > 0 such that scale factors gz > ¢ > 0 and hy > ¢ > 0 are bounded away from

zero, where ¢ does not depend on k,t,n.

(ii) e, mt satisfy Assumptions 2.1, 2.2, and 2.4(1).

In such a case we are able to estimate regression model with missing data.

Proposition 4.1. Suppose that y1,...,Yyn is a sample of regression model (29) and Assump-
tions 4.1 and 4.2 are satisfied. Assume that N =Y | 7 =<, n. Then, the OLS estimator B\,

based on Yi, ..., yn and zi, ..., z, fulfills properties (16) of Corollary 2.1 and \/wg =<, n=1/2,

11



It is worth noting that missing data does not have direct impact on the estimator B nor the
estimates of the standard errors /@wgx. Proposition 4.1 shows that ignoring missing data does
not impact estimation. That is, the researcher can estimate parameter 5 and standard errors

\/Wkk using estimators based on a subsample y;,, 2, t =1,..., N,

N N
3 -1 O o-1¢ __o-1 ~
g = (Z thzé't) (sztyjt)? Qn =5, SwS, = (wjk)a
t=1 t=1
_ N - N N _ ~
S, = thl thz;'ta Sy = Zt:l thz;'tu?tv Ujy = Yjp — 6/'2]'75'
These estimates have property, @I;kl/Q(Ek — Br) —a N(0,1).

Estimation of time-varying parameter. Assume that y, follows regression model (18)
with time-varying parameter (3;, where regressors z; and regression noise u; are as in (3) and
(2). In such a case, estimation of parameter 5, t = 1, ..., n from subsample (y;,, 2j, ), ---, (Yjn» Zjn )
N < n builds on the results of Section 3. Firstly, we set (y;, z¢) = (0,0) for any t = 1,...,n,
where either y; or z; is not observed, to obtain a sample %1, ..., Yn, Yt = Ttyt, from regression

model
~ / ~ ~ .

where regressors z; and the noise u; are defined as in (30). Under Assumptions 4.1 and 4.2,
parameter 5;, t = 1,...,n can be estimated by the estimator Bt given in (20) with kernel

weights by, ;; as in (21), as long as the missing data pattern has property:
n
Ny = 7ibng; =p H. (32)
j=1

The latter holds, if e.g. 7; = 1 for |j — ¢t| < eH for some € > 0.

Proposition 4.2. Suppose that Y1, ...,y is a sample of regression model (31) with missing
data and Assumptions 4.1, 3.1 and 4.2 are satisfied. Assume that 1 <t =t, < n and (32)
holds. Then Bkt, k = 1,...,p satisfy properties (25) and (26) of Theorem 3.1, \/Wkks =p
H=Y2 and Corollary 3.1 holds.

5 Estimation of a stationary AR(p) model with an m.d. noise

The robust OLS estimation theory of Section 2 extends to estimation of a stationary AR(p)

model
Yt = G0+ P1Yi—1 + .. + GpYi—p + 1, (33)

where ¢; is a stationary martingale difference noise, and parameters ¢y, ..., ¢, are such that

(33) has a stationary solution y¢ = p + 372 ajer—j, where 3 2% |a;| < oo and pu = Ey;. We

12



assume that e; satisfies Assumption 2.1. This model can be written as regression model (1),
yr = 'z + e¢, where 8 = (b1, ..., Bpt1) = (¢o,....,dp)" is a fixed parameter and regressors

" are stationary variables. The theoretical

2t = (th) 2ty eeey Zp+1,t), = (17 Yt—1,Yt—25 .-+ yt—p)
results of Section 2 allow to estimate the parameter 5 by the robust OLS estimator § and

permit the evaluation of the robust standard errors.

Theorem 5.1. Suppose that (y1, ..., yn) is a sample from a stationary AR (p) model (33) and
Ec¥ < oo. Then, the estimates Bk;; k=1,..,p+1 satisfy (16) and \/wi, =p n=1/2,

Monte Carlo findings in Section 6.4 show that the robust OLS estimation produces correct
95% confidence intervals for 85 while the standard OLS method leads to coverage distortions,
when the noise ¢; is not i.i.d. This suggests that robust OLS estimation has a wider range of
applications, than just heteroscedasticity, and is applicable for regression settings not covered

by the standard OLS estimation and inference theory.

The asymptotic theory for Whittle estimators of parameters of a stationary ARMA model
with a stationary m.d. noise is provided in Giraitis et al. (2018). They do not consider
estimation of standard errors and constrain the practical implementation of their results to
AR(1) and MA(1) models.

6 Monte Carlo Simulations

In this section, we explore the finite sample performance of the robust and standard OLS
estimation methods in regression settings, outlined in Sections 2 and 3. We examine the
impact of time-varying deterministic and stochastic parameters, means, scale factors and
heteroskedasticity of regression noise on estimation. Comparison of simulation results for
standard and robust estimation methods shows that, despite the generality of our regression
setting, estimation based on the robust standard errors produces well-sized coverage intervals
for fixed and time-varying regression parameters (3, [;, while application of the standard

confidence intervals leads to severe distortion of coverage rates.

6.1 Estimation of fixed parameters

We generate arrays of samples of regression model with fixed parameter and an intercept:

yr = P14 Pozor + Bazae +wp,  up = hyer, B = (B1,B2,03) =(0.5,04,0.3).  (34)

We set the sample size to n = 1500 and conduct 1000 replications and set the nominal coverage

probability at 0.95. (Estimation results for n = 200,800 are available upon request).

This model includes three parameters and three regressors. We set z1; = 1 and define

2kt = Mkt + ke, k= 27 37 (35)
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Table 1: Robust OLS estimation in Model 6.1.

Parameters Bias RMSE CP CPgy SD

51 -0.00570 0.04579 95.0 79.2 0.04544
B2 0.00206  0.03407 954 72.7 0.03401
B3 0.00204 0.03495 94.0 72.9 0.03489

pie = 0.5sin(mt/n) + 1, g = 0.50k 4—1 + ke

where &5y = €41 and &3 = e4_9. The stationary martingale difference noise ¢; in u; is
generated by an GARCH(1, 1) process

et = opey, 02 =140.702 ,+022 ,, e ~iid N(0,1). (36)

Model 6.1. y; follows (34) with deterministic scale factors. We set: hy = 0.3(t/n) and
924 = g3+ = 0.4(t/n).

Model 6.2. y; follows (34) with stochastic scale factors. We set

t t
1 1
hy = ‘— ‘ 0.25, - ’— ’ 0.25.
¢ 2\/53';1(] + 9ot = g3t 2\/77;%] +
The generating noises {¢;, v2;,v3;} are i.i.d. N'(0,1) and independent of {¢;}.

Models 6.1 and 6.2 are regression models with fixed parameters. To verify the validity of
the asymptotic normal approximation of Corollary 2.1 in finite samples, we compute empirical
coverage rates (CP) for 95% confidence intervals used in robust OLS estimation, for parameter
8. For comparison, we compute the coverage rates CPg for standard confidence intervals
based on the standard errors (17) used in the standard OLS estimation. The robust and
standard OLS procedures share the same estimator E, and whence Bias, root mean square
error (RMSE) and standard deviation (SD). Their confidence intervals are based on different

standard errors, as the variances in their normal approximation are different.

Table 1 reports estimation results for Model 6.1 which contains determinist scale factors.
It shows that coverage rate CP for robust confidence intervals is close to the nominal 95%,
while coverage rate CPg; of the standard confidence intervals drops below 80%. The Bias,
RMSE, and SD are small.

Table 2 shows estimation results for Model 6.2 which includes stochastic scale factors.
It shows that coverage rate CP for robust confidence intervals is close to the nominal 95%,

while standard estimation method produces coverage distortions for parameters S and Ss.
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Table 2: Robust OLS estimation in Model 6.2.

Parameters Bias RMSE CP CPgy SD

51 -0.00420 0.05117 94.6 92.2 0.05100
B2 0.00208 0.03205 94.6 87.4 0.03199
B3 0.00071 0.01542 94.8 85.3 0.01541

6.2 Estimation of time-varying parameters

In this section we examine the validity of the normal approximation for the estimator Bt,
(20), of time-varying parameter (3; established in Corollary 3.1 of Section 3. Subsequently,
we replace the fixed regression parameter /5 in the regression model (34) by a time-varying

parameter 5y = (B¢, Bat, B3t)':
Y = Pt + Barzor + Barzae + up,  up = hyey, (37)

where z1; = 1 and 29, z3; are defined with o, sy and ng, m3 as in (35).
We consider two models. In Model 6.3, parameters and scale factors are deterministic.

Model 6.4 combines deterministic and stochastic parameters and scale factors.

Model 6.3. y; follows (37) with e¢ as in (36). The scale factors hy, gat, gs¢ and parameters

B, Bot, B3 are deterministic:

hy = 0.5sin(2nt/n) +1, go = g3 = 0.5sin(nt/n) + 1.
Bt 0.5sin(0.57t/n) + 1, Por = 0.5sin(wt/n) +1, B3 = 0.5sin(27t/n) + 1.

Model 6.4. y; follows (37) with g4 ~ i.i.d. N'(0,1) and scale factors:
¢
he = 0.5sin(2nt/n) + 1, gar = ’iZg‘ 4025, g3 = 0.5sin(nt/n) + 1
t . ) 2t 2\/5 =~ i . ) 3t . .
Parameters Bz, Bor are the same as in Model 6.3, and parameter (B3 is stochastic:

1 -
B3 = ‘2\/5 ;yj‘ +0.3(t/n), G, vj ~i.0.d. N(0,1).

We estimate f; through the estimator 3, (20), where the weights bnti = K(|t — j|/H)
are computed using the CGaussian kernel function K(z) = (27)~Y?exp(—22/2) with the
bandwidth H = n*, h =0.4,0.5,0.6,0.7.

Figure 1 displays parameter estimation results for a single simulation from Model 6.3. It
depicts the estimates ﬁkl, - E,m (red line) of the true parameters fi; (blue line), k =1,2,3
obtained with the bandwidth H = n°® and their point-wise 95% confidence intervals (grey
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Figure 1: Robust 95% confidence intervals for time-varying parameters S1s, 82, B3¢ in Model
6.3: n = 1500, bandwidth H = n%5. Single replication.
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Figure 2: Coverage rates (in %) of robust confidence intervals for time-varying parameters
Bit, Bot, Bt in Model 6.3: n = 1500, bandwidth H = n05.
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Figure 3: RMSE for time-varying parameters B¢, S2¢, B3¢ in Model 6.3: n = 1500, bandwidth
H=n" h=0.4,05,0.6,0.7.
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Figure 4: Robust 95% confidence bands for time-varying parameters fSi¢, Bot, B3¢ in Model
6.4: n = 1500, bandwidth H = n%5. Single replication.
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Figure 5: Coverage rates (in %) of robust confidence intervals for time-varying parameters
Bit, Bot, B3¢ in Model 6.4: n = 1500, bandwidth H = n05.

dashed lines), computed using robust standard errors. The robust time-varying confidence

intervals cover the true parameters Sy, t = 1, ..., n for most of the times.

Figure 2 reports the point-wise empirical coverage rates (blue line) in time-varying robust
estimation of parameters S,k = 1,2,3 which are close to the nominal 95% for most of
the times. Figure 3 shows the RMSE’s for different choices of the bandwidth H = n”,
h =0.4,0.5,0.6,0.7. As expected, the RMSE depends on the smoothness of the parameter

B and often is minimized by moderately large values of H, e.g. H = n06,

Figure 4 reports estimation results for a single simulation from Model 6.4, and Figure 5
displays point-wise empirical coverage rates for robust 95% confidence intervals. For deter-
ministic parameters B1; and [, estimation quality is good and results are similar to those
obtained for Model 6.3. For the stochastic parameter fs;, the robust point-wise confidence
intervals cover the path of stochastic parameter S3; for most of the times, see Figure 4(c).
Figure 5(c) shows that coverage rates of robust time-varying confidence intervals for 53, might
be slightly affected by stochastic changes in parameter and scale factors. Nevertheless, they

are still satisfactory and not far from the nominal 95% coverage.
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Table 3: Robust OLS estimation in Model 6.1 with block missing data (Type 1).

Parameters Bias RMSE CP CPy SD

B1 -0.00818 0.04983 94.60 74.60 0.04915
B2 0.00356  0.03875 94.00 67.90 0.03859
B3 0.00246 0.03840 93.80 70.00 0.03832

Table 4: Robust OLS estimation in Model 6.1 with randomly missing data (Type 2).

Parameters Bias RMSE CP CPgy SD

B1 -0.00567 0.05732 94.30 66.60 0.05704
B2 0.00144 0.04251 95.20 63.50 0.04249
B3 0.00289 0.04128 94.80 64.70 0.04118

6.3 Estimation of regression parameter with missing data

To examine the impact of missing data on the robust and standard OLS estimation based
on partially observed data (y;,, 2j,), (Yjas Zja ), s (Yjn» Zjn ), WE Use two types of missing data

patterns over the time period 1, ..., 1500.

Type 1. The block of data j € [650, 850] is missing.

Type 2. 500 single observations are missing at randomly selected times.

Tables 3 and 4 report robust and standard estimation results for Model 6.1 with fixed
parameter. Table 3 shows that block missing data (Type 1) do not lead to visible changes of
Bias, RMSE and SD, and coverage rate for robust confidence intervals is still around 95%.
At the same time, coverage rate CPg of the standard confidence intervals is significantly
distorted.

Table 4 shows that randomly missing data do not affect the coverage rate of robust
confidence intervals which is close to the nominal 95%, while the coverage rate of the standard
confidence intervals hovers around 65%. This emphasises the flexibility of the robust OLS

estimation of the fixed parameter in presence of block missing data
Figure 6 — 8 report estimation results for Model 6.3 with time-varying parameter [;.

Figure 6 shows the coverage rates in time-varying robust estimation with block missing
data (Type 1, shaded region) for ¢t = 1, ...,1500. The coverage is close to the nominal 95%,
with some distortion for parameters 31, and [2; and larger distortion for parameter f3; in
the shaded region. The distortion peaks at the centre of the block, as expected. Although the
width of missing data block, 200, exceeds the bandwidth H = n = 39 used in the estimation
of B;, the coverage distortion seems to be offset by the smooth down-weighting of data and

the performance of the robust time-varying OLS estimation exceeds our expectations.

Figure 7 reports the path of the estimator Bkt and the point-wise robust confidence
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Figure 6: Coverage rates (in %) of robust confidence intervals for time-varying parameters
B¢, Bat, B3¢ in Model 6.3 with block missing data (Type 1), n = 1500, bandwidth H = n%.
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Figure 7: Robust 95% confidence bands for time-varying parameters 31, B2, 83: in Model 6.3
with block missing data (Type 1), n = 1500, bandwidth H = n%5. Single replication.

intervals, for a single simulation. The robust confidence intervals become wider in the shaded

region, which may explain the satisfactory coverage performance in that time period.

Figure 8 shows that randomly missing data (Type 2) does not distort the robust time-
varying OLS estimation. For all three parameters and time periods ¢, the coverage rate is
close to the nominal. Overall, the robust estimation of time-varying parameter does not seem

to be affected by randomly missing data.

6.4 Estimation of a stationary AR(p) model

We assess the performance of the robust and standard procedures in a case of a stationary
AR(2) model:

Ye = B1 + Boyi—1 + Bayi—2 + &1, B = (B1,02,03) = (0.5,0.4,0.3), (38)

where ¢ = erer_1, ep ~ 1.4.d. N'(0,1) is a stationary martingale difference noise. Here regres-
sors z; = (21,4, 224, 23t) = (1, y¢—1,yr—2)" include an intercept and the two past lags of y;. By
Theorem 5.1, parameter 8 can be estimated by the robust estimation method.

Table 5 shows that the coverage rate for the robust OLS estimation method is close to

the nominal 95% while the standard OLS estimation leads to extensive coverage distortion
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Figure 8: Coverage rates (in %) of robust confidence intervals for time-varying parameters
Bt Pot, B3¢ in Model 6.3, 500 randomly missing data, n = 1500, bandwidth H = n?5.

Table 5: Robust OLS estimation in AR(2) model (38).

Parameters Bias RMSE CP CPgy SD

51 -0.00808 0.05250 94.9 92.3 0.05187
B2 0.00104 0.04183 94.5 75.0 0.04182
B3 0.00356 0.03091 94.8 88.8 0.03070

for 52 and 53.

7 Empirical experiment

In this section, we consider the problem of the structure and modelling of daily S&P 500 log
returns, ¢, from 02/01/1990 to 31/12/2019, (sample size n = 7558). We use robust regression
estimation to verify whether returns r; obey the following regression model for uncorrelated
noise:

Ty = e +up, U = ey, (39)

where {e;} is an 1.1.d.(0, 1) noise and the time-varying mean and scale factor p, h; are inde-
pendent of {&;}. Our objective is to estimate u; (time-varying mean), the scale factor h; and
test for absence of correlation in |u¢| = h¢let| to confirm the fit of the model (39) to the data.

Indeed, if r; follows (39) with i.i.d. noise &, then for ¢ # s, |us|’s are uncorrelated:
cov(lul, fus|) = cov(luled, hsles|) = Elhihscov(led] les])] = 0.

Conversely, under the presence of ARCH effects (stationary conditional heteroskedasticity)
in e, |us] would be a sequence of correlated variables and the hypothesis of absence of
correlation in |us| would be rejected. To estimate the intercept u;, we have used the time-

0.4 05 ..., n%7. Figure 9(a) displays the path

varying OLS estimator with bandwidths H = n
and corresponding confidence intervals for ji; for H = n%% and reveals that p; is very likely

to change over time.
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Figure 9: Robust 95% confidence bands for y; in model (39) and 81, = h¢F|e;| in model (40),
n = 7558, H = n"S.
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Figure 10: Robust and standard tests for absence of correlation in subsample of residuals ﬁj,
a5, j € [500,1000], H = n®, significance level 5%.

Assumption (39) implies that
lug| = |re — pe| = helee] = heEler| + he(lee] — Eled]).

Then, |ty = |re — fir] ~ heElet| + he(|er] — Elet]) and thus y; = |uy| follows a time-varying
regression model
Ye = P+, U = gem, (40)

where (1, = hiE|e4| is a time-varying intercept, g; = hy is a scale factor and 7y = || — Eley]
is an i.i.d. noise. Hence f1; can be estimated using the time-varying OLS estimator Blt-
Figure 9(b) displays the estimate Blt and confidence intervals for 81y = hyFle¢| for bandwidth

H = n%6 which reveals significant time variation in h;.

Figure 10(a) reports testing results for zero correlation at lags k = 1, ..., 20 in the residual

sequence uy = Yy — P1:. We employ the standard test and robust test procedure developed
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in Giraitis et al. (2024). Since the sample size n = 7558 is large and f1; is estimated non-
parametrically with bandwidth H = n%C, we restrict testing to the subsample j € [500, 1000].
Both tests report no evidence of significant correlation in this subsample, and this suggests

a good fit of the model (39) to the returns r in this time period.

The same is not likely true if r; = r; — iy follows a GARCH(1,1) model, and this is
confirmed by the following experiment. We match a GARCH(1,1) model to data r} = ry — jiz,

rF = o, of = 1.563 x 107% 4+ 0.88913072 | + 0.0969747} 2,

generate a GARCH(1,1) sample 77, ..., 75, fit to y; = [r},| regression model (40) and com-
pute residuals, uy = y; — Bui. Figure 10(b) shows that both standard and robust test detect

significant correlation in residuals u;.

8 Conclusion

The robust OLS and time-varying OLS regression estimation and inference methods, pre-
sented in this paper, offer considerable flexibility in specifying regression models for economic
and financial empirical applications. It allows for general heterogeneity in regression com-
ponents and structural change of regression coefficient over time. The generalization of the
structure of regressors and error terms further expands the area of scenarios to which robust
OLS regression method can be applied. In particular, the present paper develops asymptotic
theory of general regression modelling, when regressors are stochastic and may include in-
tercept, and provides data based robust standard errors for building confidence intervals for
regression parameters. Our Monte Carlo analysis shows the remarkable performance of the
robust estimation approach under complex settings, and verifies the asymptotic normality

property and consistency of parameter estimators.
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This Supplement provides proofs of the results given in the text of the main paper. It
is organised as follows: Section 9, 10, 11 provide proofs of the main theorems. Section 12

contains auxiliary technical lemmas used in the proofs.

Formula numbering in this supplement includes the section number, e.g. (8.1), and
references to lemmas are signified as “Lemma 10.#”, e.g. Lemma 10.1. Theorem references
to the main paper include section number and are signified, e.g. as Theorem 2.1, while

equation references do not include section number, e.g. (1), (2).

In the proofs, C' stands for a generic positive constant which may assume different values

in different contexts.

9 Proofs of Theorems 2.1 and 2.2, Lemma 2.1 and Corollary
2.1

Proof of Theorem 2.1. Notice that in view of (1),

B8 = (D= (Do u(=B+u)) -8
J=1 j=1
T SRR S
Jj=1 j=1

Recall definition (5) of D and D,. Then

D(B—p) = (DSZ'D)(D'S..)
= (DD, ") (DyS;,' Dg)(D; ' D)(D7'S20) = Oy(1), (9.1)



since DDt = Op(1) by (7) of Assumption 2.3, D™1S., = Oy(1) by (12.7) of Lemma 12.2.

Moreover, by (12.6) and (12.3),
DgSz_leg = DyE[S.. |]:;]_1Dg +0p(1) = Op(1).
This completes the proof of the consistency claim (9) of the theorem.

Recall that for p x p symmetric matrices A, B and a p x 1 vector b it holds:

1AB[sp < [[Allspl|Bllsp,  [[ABI| < [[Allsp[ Bl [[Allsp < [IA]l,

where ||A]|sp denotes the spectral norm and ||A|| the Euclidean norm of the matrix A.

Proof of Theorem 2.2. Proof of (13). By (9.1),
D(B\ - ﬁ) = {Dsz_le}{D_lszu}
Moreover, by the same argument as in the proof of (9.1),

DS 'D = (DD;l)(DgS;Dg)(D;D)
= (DD, )(DyE[S:- | F5] "Dy + 0p(1))(D, ' D)
= DE[S..|F]7'D +0,(1), DS;'D=0,(1).

Hence,

a{DE[S.. |F;]7'D + op()H{D S, }
= dySu+0p(1), dn=d (DE[S..|F]™).

a' D(B - B)

By (12.11) of Lemma 12.2,
v2 = (a'DQ,Da) > by, byt =0,(1).

This together with (9.3) implies:
DB -B) _
————x =1, dpSu, 1).
va' D), Da Un +op(1)
Write

n
—1 —1
Sp = U, dnszuzg &, & =, dpziug.
t=1

(9.3)



To prove (13), it remains to show that
Sn —d /\/(0, 1). (9.5)

Notice that {{;} is an m.d. sequence with respect to the o-field

fn,t = 0(517 -y €t Ms, hsagsa s = 17 ceey n):
El& | Fni—1] = Elv,  dnzihici| Fri—1] = vy, tdnzihi Eleg| Fri—1] = 0. (9.6)

n

Therefore, by Corollary 3.1 of Hall and Heyde (1980), to prove (9.5), it suffices to show that

(a) zn:E[ff | Fnt-1] —=p 1, (9.7)
t=1
(b) ZH:E[&?I(&Z > €) | Fni—1] = o0p(1) for any € > 0.
t=1
To verify (a), notice that
€ = (v, dpzow)? = v, 2dpzzidu?,
Bl | Fri—1] = v, %dnzzid, Eluf | Fpi1] = vy, 2dnzizid, hi E[e} | Foa).

Then, setting S\ %, = St 22 hiEle} | Fi—1], we can write,

> Bl& | Fua] = v, 2dn S, dy,
t=1

= v 2 d{DE[S..|F:] " 'D}{D'5)

zZzuu

D 'HDE[S..|F;) ' D}a. (9.8)
Recall that by (9.2), DE[S,.|F;]71D = O,(1). We show in (12.14) of Lemma 12.2 that
D718 D' = DTLE[S .0l FID7 + 0,(1).

zZzuu

Together with (9.4), this implies

ZEEZ [Fne-1] = V2 d{D E[S.| ] EScuul F7) B[S:.|Fy] ' DYa + op(1)
t=1
= v, %(a'DDa) + 0y(1) =1+ 0,(1)

which proves (a).

Next we prove (b). We have

&t v, tdpzeus = v, (d D) (D™ zpuy),

i< 0 lldnDIP||ID 2.



By definition of d,, ||d,D||> = ||a’D E[S,.|F:]~'D|>. On the other hand, by (12.18) of
Corollary 12.1, for any a,

a,D_lE[Szzuuu::]D_la > bn||a||27 bgl = Op(l)a
where b, is F,; measurable, and, thus, also F,, ;—1 measurable. Then,

v2 =ad'DQ,Da = {dD(E[S..|F])) 'DMD E[S..uu| F1D M D(E[S..|F}]) ‘D a}
> ||la' D(E[S:.|F]) "' D| by = ||dnD|[*bn,

& < b 1D |

Hence,
ZE[&QI(&Z > €) | Fni-1] < ZE[bﬁl|’Dilztut|IQI(bﬁlHDflztutHz > €) | Fni-1] = op(1),
t=1 t=1

by (12.54) of Lemma 12.3. This completes the proof (b) and the claim (13) of the theorem.

The claim (14) follows from (13) by setting a = (a1, ...,ap)" = (0, ...,0,1,0....)" where aj =1
and a; = 0 for j # k. Then a’D = vy, and a’DQ,Da = viwgy, where wgy is the (k,k)-th

diagonal element of €2,,. Then,

dDB-B) (B-5)

= —a N(0,1).
RVA a’DQnDa / WEkk d ( )
This completes the proof of the theorem. O

Proof of Lemma 2.1. Proof of (6). It suffices to show that

i = v s (6, + i) = 0,(1). (9.9
Notice also that zit = uit + 20kt Gt Mt + g,%tn,%t,
E[Zlit | Fal = /‘%t + 2pe e Enie | Fr] + gﬁtE[nit [ Fal = #it + git- (9.10)
In addition, by assumption of lemma, v;kz =Xk, 92) =0,(n7t). Thus,
in = Op(1)in1, in1=n""' 1?%XnE[Zl%t | Fn].

We will show that Ei,; = o(1) which implies (9.9). Observe that for any L > 1,

G S Lzl (5, > L) < L+ L7z



By assumption (10), E[z{,] < ¢ < oo where ¢ does not depend on ¢, n. Hence,

ing < n'L+n 'L max Blz | 73],
Ln

Biny < n'L+n L0 Bzl <n 'L+ L7lce—0, n,L—o0

which implies i, = 0,(1) and proves (6).

Proof of (11). It suffices to verify that

in = v ® max (g, + 1f)hE = 0,(1) (9.11)

By assumption of lemma, v, > = Op(n~1). This together with (9.10) implies that

in = Op(L)in2, in2=n" 112?)( Elzg,hi | F7).

We will show that Ei, 2 = o(1) which implies i, 2 = 0,(1) and proves (9.11).

Similarly as above, for any L > 1, setting Lo = log L, for § > 0 we obtain

Zl%th% < L+ zgthfl(z,%th? > L)
< L+ Lyt I(hf < Lo '2fy) + hi Lol (b > Ly 2i)I(h{Lo > L)
h4 5
4
< L+ Lytz, + b LO(LL -)

IN

L+ Lotz +h™ AL, Ap = LOLST.

By assumption (10), E[z},] < ¢ and there exists § > 0 such that E[jus|*+49] < ¢, where ¢ < 0o
does not depend on t,n. Hence, E[hit*] = E[(E[u? |F*])2t?] < E[ju|***] < ¢. Notice
that Ay — 0 as L — oo. Therefore, as n, L — oo,

Biny < n 'L+ Ly'n ' S0, Elzh] + Apn~ S, B[
< n'L+Lgte+ Ape— 0,

which implies i, = 0,(1) and proves (11).

Proof of (7). Recall that v <, n, vgk =, n by assumption of lemma. By (9.10),

M%t < E[zgt | Fal; E[M%t] < E[Zl%t] <¢
Eluy] < Bl(Blz |F3)?) < Bl(Bleg |F2)] < Bleg] <,
Elgn] < Bl(El 7] < o
Elhy] = Bl(Bluf|F)?) < E(Bluf |F])] < Blut] <c,
Elug,hi] < (Bl ER{DY? < ¢
Elgihi] < (ElgiER])"? < ¢



where ¢ < oo does not depend on ¢,n. Hence,

nT EN T my) < e Yoy piy = Op(n),
n B pphi] <o, SO0 pdhi = Op(n),
nilE[Zyzl gl%th%] S ¢, 2?:1 gl%th% = Op(n)7

which proves (7). This completes the proof of the lemma.

Proof of Corollary 2.1. We will show that

L 1
Wik + op(1)

which together with (14) implies (16):

~

Br — Bk
VWkk

—d N(O, 1).

Ok WOrk " /Wkk

To prove (9.12), we will verify that

B =B _ ( %)5k*ﬁk2(1+op(l))

DQ,D = DV, D + 0,(1)
which implies the following property for diagonal elements:
vi@kk = vzwkk +0p(1).
In (12.11) of Lemma 12.2 it is shown that

a'DQ,Da > b, o' DQ,Da < by

(9.12)

(9.13)

(9.14)

for any a = (a1, ...,ap)’, ||a|| = 1 where by, by2 > 0 do not depend on a,n and b, = O,(1),
bnz = Op(1). Set a = (0,...,1,...0)', where a; = 0 for j # k and a;, = 1. Then a'DQ,Da =

viwgk, and by (9.14), viwgg > b, > 0. This proves (9.12):

~ 2 2
Wk VpWrk _ VpWik + op(1)

= =1+ o0p,(1).
P
Wkk VWi V2 Wik

In addition, the bounds (9.14) imply that \/wkk =) v,;lz

Uk_l < b;l/Q\/wk = Op(\/wkk), Vpr/WEE = Op(l), VWEE = Op(vk_l).

Proof of (9.13). Set Vi, = DD, By (7) of Assumption 2.3, V,, = Op(1). We have

DQ,D = Vo{D,S7' DAV {DS, D YWV {DyS Dy} Vi,



DQ,D = VW VWV W, 1V,
W' = DyE[S.. |F:] "Dy, Wasww = D E[S, 0 | Fi ) D™

By (12.6), (12.3), (12.12) and (12.10) of Lemma 12.2,

Dgsz_leg = Wz_zl + Op(1)7 Wz_zl - OP<1)7
D_lszzuuD_l - szuu + Op(1>a szuu - Op(l)

We will show that
D7'S..aaD™ = D7'Su D!+ 0,(1). (9.15)

This implies (9.13):

DO,D = Vi {W2 + 0p(1) Vi Wazuu + 0p(1) W {W! + 0,(1)}V,

= VW 1v Wi Va W, Vi + 0p(1) = DQnD + 0p(1).
Proof of (9.15). By definition,
HD_l(Szzﬂﬁ_ zzuu 1H_HZD tht B ut_u%)H
< Z 1D~ 2?17 — uf| < i % (Z 1D~ 2| ?), in = Jax U7 — ugl.

Notice that

DD~ P < [[D7ID|P Y 11Dg  atl P = Op(1),
t=1 t=1

since ||DyDY| = O,(1) by assumption (7) and > j, |\Dg_1,z,5||2 = Op(1) by (12.8) of Lemma
12.2. Hence, to verify (9.15), it suffices to show that

in = op(1). (9.16)
Recall the equality u? — u? = (U — us)? + 2(U — ug)ug. Denote g, = ||D(3 — A)||. Then,

U —uw = (B-B)z={(8-B)DHD =},
1D~ 24| g,
(T — we)® + 2|(8r — ue)ug| < [[D 7 2][* g2 + 2||D 7 24| |ue| g

IN

|ty —

IN

|Ut — U |
Hence,

in < (maxc [[D71]|?) g2 +2( max (1D zpu]) gn = 0p(1),

[RARS}



where ¢, = O,(1) by Theorem 2.1, and

Jmax (D7l P = 0y(1),  max (D el = 0p(1)

=1,... =1,...,

by (12.53) of Lemma 12.3. This implies (9.16) and completes the proof of the corollary. [

10 Proofs of Theorem 3.1 and Corollary 3.1

Proof of Theorem 3.1. By (19), y; = 275, + u; + r;. Thus,
n 1 n _
(>_52) (D %) = Bi+ By, (10.1)
=1 =1

n n
R | - -
=(2_5%) 256 +1), Z )Y g
Jj=1 Jj=1 =1 Jj=1
The term Et is the OLS estimator of the fized parameter 5; in the regression model

(s 522] —|—ﬂj, j=1,..,n.

As is shown below, the consistency rate and the asymptotic normality for Et — By can be
derived using results of Section 2. The term B; = (Biy, ...., Bp)' arises due to time variation
in the parameter 3;. It can be treated as a negligible term or a “bias” term. First we will
show that for k =1, ..., p,

Bt — = O,(H /%), Bue = B —a N(0,1), Sy =, H /2, 10.2
Brt — Bt o( ) N =g N(0,1),  /Wrrt =p (10.2)

Bi = Op((H/n)). (10.3)

Proof of (10.2). Recall that z; = (21, ..., 2pj), and

gkj = ﬁkj + §kjnkj, ﬂj = 71,]'8]', (10.4)
~ 1/2 ~ 1/2 1/2
Pk = bn{tj,u'kﬁ Jkj = bn{tjgkjv h = bn/t]h

By Lemma 10.1, under assumptions of theorem, fi;; and the scale factors {Ekj,%j} satisfy
Assumptions 2.3 and 2.4(ii). Thus, by Theorem 2.1,

/kat — Brt = Op(vk_l) = Op(H71/2)7

where v} = vf, = Z?Zl gﬁj@ = Z] 1 by t]gk]h2 =, H by Assumption 3.2. This proves the
first claim in (10.2), while the second claim holds by (14) of Theorem 2.2. The third claim



holds since by (16) of Corollary 2.1 and Assumption 3.2,

n

VOREE Zp (ngjhg) V2= g1/, (10.5)

j=1
Proof of (10.3). Write

Bt = Szztszzg,t, where Sggﬁ’tzzj 15] j<ﬂ ,Bt)

We will show that
Hszth OP(H_l)a HSEE,B,tH :Op(H(H/n)’Y), (106)

which implies ||By|| < ||S5; t|| |[Szz.4|| = Op((H/n)7). Then, |By| < [|B|| = Op((H/n)")
which implies (10.3).

To verify (10.6), recall notation of the p x p diagonal matrix

D; = diag(vgy, ..., vgp), vg = 2?21 @%j, kE=1,..,p.
Notice that

1S/l = |1D5'(DgSz:, Dg)| D3I < [1D5 1?11 DSz,

ZZ,t zZz,t

Dygl| = Op(H™Y)
because HD§_1||2 =>r_ 1v»g~k O,(H™1) by Assumption 3.2. On the other hand, D; Szzt =

Op(1) by (12.6) and (12.3) of Lemma 12.2. This proves the first claim in (10.6).
Next, bound

E|[Szzpall < ERY 117121185 — Bell] < ZEHZJ” V(B85 — BelI?).

7=1 7j=1

We have |[Z;||* = b%t]HZjH4- Recall that E||z;||* < ¢ by Assumption 3.2, E||8; — B|]* <

c(|t — j|/n)* by Assumption 3.1, and it is trivial to show that under (22), > iy b ([t —
jl/H)Y = O(H). This implies

Bl[Sspall < CH(H/n)(H 12% —jl/H)Y) < CH(H/n)"

which proves the second claim in (10.6).

We now use (10.2) and (10.3) to prove the results of the theorem. By (10.1), B; = f; + B;.
Thus, (10.2) and (10.3) imply the consistency result (25):

Bi— =B — Bu) + Bu = Op(H/2  (H/n)).



Further, suppose that H = o(n*"/7+1)). We have

Brt — B  Bu— Bu ~1/2

= —+tw B;.
Wkt VWkk,t k.t

By (10.5), w,;,i{Q = O, (H"?). Together with (10.3) this implies that

wk_kl,{QBt =0y (Hl/Q(H/Tl)’Y) = Op(l). Then,

Bt — Brt _ Brt — Bt
VWEk.t WEkk.t

by (10.2) which proves the asymptotic normality property (26) of the theorem. Noting that

+ 0p(1) =4 N(0,1)

we already proved (10.5), this completes the proof of the theorem. O

Proof of Corollary 3.1. Write the time-varying regression model as a regression model
Yj = Z;Bt + uj + rj with a fixed parameter (19) where r; = (8; — B)'z;. We showed in the
proof of Theorem 3.1 that regressors z; and the noise u; satisfy assumptions of Theorem 2.2
and that the term r; is asymptotically negligible. That allowed us to establish the asymptotic
normality property (26) of Theorem 3.1 for B\kt using results of Section 2.

Clearly, to prove Corollary 3.1, it suffices to verify the second claim in (28),

o~

Wkk,t
Wkt

=1+ 0,(1).

Proof of the corresponding result in the case of fixed parameter in Corollary 2.1 shows that

we need to verify the validity of (9.15) for our regression model (19), i.e. to show that
jn=D"'SzaD ™' = D Sz D + 0p(1), (10.7)

S~ _ o~ D — A 1,2 N 2 72
where u; = y; — 8iz; and D = diag(v1, ..., vx)'s v = 3254 G515

Set @5 = (B, — B)'%; + ;. Write
jn =D "' Sz D7 + D7 (Szzam — Szzara ) DT = dnt + Jine-
By (9.15), jn1 = D™1Sza D! + 0,(1). Hence, to prove (10.7), we need to show that
Jn2 = op(1). (10.8)
By Assumption 3.2, ||D~Y|| = O,(H~/?). Hence,

lgn2ll < 1D 1?||Szzaa — Szza=a|| = Op(D|ljnslls  jns = H ' (Szzaa — Szzarar)-

10



We will show that j,3 = 0,(1) which implies (10.8). Notice that

uj = ﬁtzj By — Br)'Zj + 1w + 1) = /d; + 7y,
-yt = <uj — @)%+ 2(a; — W)
= T’j + 27"juj = 7“]- + 27']'(515 — Bt)/gj + 27"jﬂj. (10.9)

Using the inequality 2|ab| < a? + b2, we can bound in (10.9),
S\ S\ 2 S 21~
2lr; (B — Be)'Z < 5+ ((Be — Be)'Z)” < rf + 118 — BN 11
Next we evaluate |r;u;| in (10.9). Let L > 1 be large number. Then,
il < LTHIZN I (rgl < LY + Il (] > L7HIZ) < L7HIZ]+ L1z
Iyt < LY | + Leg] 1257 [,
Hence,
[a% — a5 < 2r5 + [|B: — Bel PIIZ5117 + 2L~ |51 [us] + 2L[1 25~ g r3.
Since r]z <||B; = Btl|?||Z;][?, this yields

~ 114 i~ ~ 114 _ ~ ~
1Z1171a5 — a5 < 20185 — Bl PIIEI* + 118 = Bel P11Z511* + 2L 72511 g
+2L|1%1 [a;]118; — Bel .

_ /2

Recall that z; = b 1/2 ot

ot u;. Denote 0; = 2||z;|[* + 2||2j||?|u;]. Then,

zj and u; =
1311212 — @52 < Lb2,118; — Bell*0; + (18 — Bell* + L7)b2 ,6;.

Hence,

HY 30 iz (s —a?)| < H-' 300 (171 Plag — ug?|
L{H' 300 b7 451185 — Bill20;} + (118 = Bil|> + L) {H~ DY)
L35 bl By — BelPHHE T YT b tj‘9‘}
+(18e = Bull? + LY {H~ P by 05
Lan1anz + (18 — Bl + L") gus. (10.10)

|]n3|

IN

IN

By (25) of Theorem 3.1, ||5; — 3,5“2 = 0p(1), and L' can be made arbitrarily small by
selecting large L. We will show that

Egy,1 =0(1), Egn=0(1), Eg;3=0(Q). (10.11)

11



Combining this with (10.10), we obtain
lgns| = Lop(1) + (0p(1) + L) Op(1),

so that the right hand side can be made arbitrarily small by selecting a large enough L and
letting n — oo. This proves (10.8).

To bound Egy,; observe that by Assumption 3.1, E||8; — B;|> < C(|t — j|/n)*, where
0 < v <1 and under assumption (22), H 1 D=1 b ([t = jl/H)* = O(1). Hence,

N

" H R t—j
Ein < an,tjEHBj - ﬁt|’2 >~ C(H(;)z’y){H ! an,tj(‘ H ‘)2’\/}
=1 j=1

< C(H/n)Y =o(1)

when H = o(n?"/(2Y*1). This proves (10.11) for Eqy.

To bound Eqn,o and Fqy3, recall that by Assumption 3.2, Ez,‘ij < C and Eu? <C
which implies that E6; < C. Moreover, under (22) it holds H ! > j=1bntj = O(1) and

bgmj < Cby5. Hence,
Eguy < H ' 3571 bugjBO; < CH ™30 by = O(1),
Egus < B0, 02, B0 < CHV ST by = O(1).
This completes the proof of (10.11) and the corollary. O

Lemma 10.1. Suppose that Assumption 3.2 holds and Assumptions 2.1, 2.2 are satisfied.
Then {ﬁkj,ﬁkj,ﬁj} in (10.4) satisfy Assumption 2.3 and Assumption 2.4 (ii).

Proof of Lemma 10.1. Notice that assumptions (22) imply 2?21 bntj < H. Thus, the

claim of Lemma 10.1 follows using the same argument as in the proof of Lemma 2.1. O

11 Proofs of Propositions 4.1, 4.2 and Theorem 5.1

Proof of Proposition 4.1. Under Assumptions 4.1 and 4.2 and N <, n, regressors Zz,
the noise u; and the scale factors §t,l~zt have property vy, =<, n'/2 and satisfy assumptions of
Lemma 2.1. This Lemma implies that regression model (29) satisfies Assumptions 2.3 and
2.4(ii), and overall Assumptions 2.1, 2.2, 2.3 and 2.4 hold. Hence assumptions of Theorem
2.2 are satisfied, (16) of Corollary 2.1 remains true, and /wWgx =<, vk_l =, n~ /2. O

Proof of Proposition 4.2. Under Assumptions 4.1, 4.2, 3.1 and (32), regression model (31)
satisfies Assumptions 2.1, 2.2, 3.1 and 3.2 of Theorem 3.1 and Corollary 3.1 which implies

the claims of the proposition. O

12



Proof of Theorem 5.1. The AR(p) model (33) can be written as regressions model, y; =
Bz + e with fixed parameter 8 = (81, ..., Bp+1) = (¢0,...., ¢p)" and stationary regressors
2zt = (216, 22 ooy Zp+14) = (1, Ye—1, Yt—2, .., Y¢—p)'. They include the intercept 1 and the past
lags y;_r which are F; = o(e4, s < t) measurable. For k > 2, regressors can be written as in
(3), 2kt = Wit + Grenkt = 0+ (Y4—k+1 — 1), where the scale factors gy are equal to 1 and the
means pg = 4= Ey;.

Under assumptions of theorem, y — p = 3772 ajer—j, where Y322 |aj| < oco. If a sta-

tionary m.d. sequence ¢; satisfies F|e|P < oo, for some p > 2, then
p 2\D
E|Y ajee |’ < O(Y_af)™",
=0 =0

where C' < oo does not depend on n, see e.g., Lemma 2.5.2 in Giraitis et al. (2012). By
assumption of theorem, Eef < co. Hence E(y; — u)® < oo and Eng, < oo.

Thus, regressors z; and regression noise u; = &; satisfy Assumptions 2.1, 2.2, 2.3 and 2.4 of
Section 2. Therefore, the robust OLS estimator B of B has properties derived in Corollary
2.1 which implies Theorem 5.1. (|

12 Proofs of Section 2: Auxiliary lemmas

This section contains auxiliary lemmas used in the proofs of the main results for Section 2.
For the ease of referencing, we include the statement of Lemma 12.1(i) established in Giraitis
et al. (2024).

Lemma 12.1. Assume that sequences {B:} and {z:} are mutually independent.

(i) If {z} is a covariance stationary short memory sequence, then
znjﬁtzt = (iﬁt)Ezl +0p((zn:ﬁ§)1/2). (12.1)
=1 =1 =1
(i) If Elz| < oo, then
!iﬁm\ = Op(ilﬂtl)(tgllgfanlztl)- (12.2)
t=1 t=1

Proof of Lemma 12.1. The claim (i) of Lemma 12.1 was derived in (Giraitis et al. (2024),
Lemma A5). To prove (ii), denote s, = > ;" |3|. Then,

Elsy i Bl 1z]] = X Elsy 18] Ell]

< (maxy—1,.n Blze])Elsy,t Yo |Be]] = maxe—1,..p Bz,

VAN

13



Sﬁl Z?:l Wt‘ ‘Zt| = Op(maxtzl,...,n E|Zt\>

This implies

| Yoty Beze| < sn{spt 3oy 18l 2]} = $nOp(maxi—,..n Elz).

This completes the proof of (12.2) and the lemma. O

Recall notation

Szz = Z?:l thffa Szzuu = Z?:l ZtZ{eU?, Szu = Z?:l ZtUt,
D= diag(”h L3) vp)v Vi = (Z?:l gzth?)1/27
Dy = diag(vg1, -, Vgp), vk = (244 git)lm-

Recall definition F}} = o(pe, g1, t = 1,...,n) and F, ;1 in (9.6). Denote
sz — Dg_lE[SzzL/—':]Dg_la szuu = D_IE[Szzuu‘]:;:]D_ly

Q= (BLS:: 1 F0) " (BSzzuul Fr) (E[S::| Fr) 7

Lemma 12.2. Suppose that z; and u; satisfy Assumptions 2.1, 2.2 and 2.3. Then the fol-
lowing holds.

i) There exists b, > 0 such that b;' = O,(1) and such that for any a = (a1, ...,a,)’, ||a|]| = 1,
n p P

a'W..a > by, \|W;1|\Sp§b;1, (12.3)
[IWesl| < bon = Op(1). (12.4)
Moreover,

D;'S..D;t = We.+o0,(1), (12.5)
D,S'D, = W_'+0,(1), (12.6)
D_ISzu = Op(1)7 (127)
SID w2 = 0,0, (12.8)

t=1

(ii) In addition, if Assumption 2.4 holds, then there exists by, > 0 such that b,! = O,(1) and

such that for any a = (az, ---7a/p)/7 llal| =1,

a/szuua > bna HWZ_qustp < 5517 (12'9)
||szuu” S b2n — Op(1)7 (1210)
a'DQ,Da > by, a'DQ,Da < by, =0,(1). (12.11)

14



Moreover,

DS D™t = Wi + 0p(1), (12.12)
D718 D7l = Wiy + 0p(1), SO = 2z Elud | Foy ). (12.14)
t=1

Before the proof of lemma, we will state the following corollary. Denote

n n
Con =Y D7 il o =D 11D el . (12.15)
=1 =1

Notice that under (7) of Assumption 2.3,

P n p n
Cxn = Z{U;kQ Zﬂit} =0p(1), Cran = Z{de Z#%th?} = Op(1). (12.16)
k=1 t=1 k=1 t=1

Corollary 12.1. In Lemma 12.2, the claims (12.3) and (12.9) hold with b, as below:

, c Case 1 (intercept not included),
aWy,a > b,= (12.17)
c 11+ copn)™t:  Case 2 (intercept included),
(1 4+ Cyux : Case 1 (intercept not included),
AWoswua > by = ( n) ( b / (12.18)

¢ 1+ conn) 21 Case 2 (intercept included),

where ¢ > 0 does not depend on n, byt = O,(1) and by, is F;; measurable.

Proof of Lemma 12.2(i). Proof of (12.3). Set I, = diag(git, .., gpt). By definition,

20 = e+ Igm = e+ 2, 2= Igm. (12.19)
Then
22y = (e + 20) (e + 20) = Ze2; 4 pepsy + o2y + Zepsy,
Elziz|Fn) = E[Zz)Fyl + we + me B2 Fil 4+ E[Z| Folp

= E[&ZZ|F;] + peps + puey + ecpy

= E[RZ|F] + (e + e (e + ) — evey, (12.20)
where e; = E[z|F;] = I E[n]. Using (12.20), we can write

n
aW,.a = Z a'D; Elzz)| FiD; la
t=1

15



n

n n
=> D EEZ|FDy a+ > (/D u)? +2) (a/Dy ) (ejDyta) (12.21)

t=1 t=1 t=1
=> D EEZ|F;Dy a+ > (a/ Dy (e +e)® = > (a/Dyter)?. (12.22)
t=1 t=1 t=1

We split the proof into two cases when regression model (1) does not include intercept and

when intercept is included.
Case 1 (no intercept): e; = I+ E[n] = (0,...,0)".
Case 2 (intercept included): e; = It E[n] = 14(1,0,...,0)" = (g1¢,0, ..., 0)’, g1z = 1.

Case 1. Let ¢, = 0. Then (12.21) implies
n

dW..a > Y a' Dy E[ZZF|FD, a. (12.23)
t=1

In this instance,
E[zz|Fp) = I Elmym| g = ISy,

where E[mn;] =¥ = (0jk)jk=1,..p- By Assumption 2.2(ii), the matrix ¥ is positive definite.

-----

Therefore, there exists b > 0 such that for any o = (o, ..., ),
o' Sa > bl|a)?.

Hence, setting i = v;kl grt, we derive
Za D' Elz 2| FrlDy  a = Z{a’D t}E{Igth_la}

=1
>bZ|\aD lfgtHQ—bZ Z%’th
t=1 =
p

p n
=53} (3 ) =6 ak = bllal> = b,
k=1 t=1

k=1

since Y v2, = 1 and ||a|| = 1. With (12.23) this proves the first claim in (12.3):
adW,.a > b. (12.24)

Matrix W, is symmetric and, thus, it has real eigenvalues. The bound (12.24) implies that
the smallest eigenvalue of W, has property A\pmin > b, > 0. Therefore W, is positive definite,
and the largest eigenvalue 0,5 of I/VZ_Z1 has property Opax = A 1< /bn, which implies that

min
[|WZ|sp < 1/by. This proves the second claim in (12.3).

Case 2 (intercept included): e; = Iy E[n] = I4(1,0,...,0)" = (g1¢,0,...,0)". Recall that in
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presence of intercept, g1 = 1 and n1y = 1.

Proof of (12.3). Set a = (a1, ...,ap)’, @ = (ag, ...,ap)’. Recall that
=|la|* = af + ...+ a} = a} +|[al|*. (12.25)
We will show that there exists b > 0 such that for any a and n > 1,

dW,.a > blal?, (12.26)
dWo.a > blfal? + {a} —2|a1][[al|c2}, (12.27)

where ¢, ,, is defined as in (12.15). These bounds imply (12.3). Indeed, suppose that ||a|| >
(1- b)\aﬂ/(?c* n) By (12.25), this is equivalent to

e A=b2al (102 —|al?)
[a? > 2t = . ll@lP >
*,1 *,Mn

)

(1-0)
(1—-0)2+4cn

Then, by (12.26),

b(1 —b)?
(1-0)244cip

dWeea > Bfa]f* =

On the other hand, if ||a|| < (1 — b)\all/(2c* n) then in (12.27),
— 2la||[alesy > a} — (1 - b)a} = ba
which together with (12.27) implies
a'Wza > bl[alf* + atb = b(|[al® + ai) = bl|al|* =

Therefore,

a'W,,a > min (

b(1 —b)? b) _ b(1—1b)?
(1—=0)2+4dcern,” /  (1=b)2+4dewy

This implies that there exists ¢ > 0 such that
aWoa > by =c 1+ con)™), (12.28)

where b, ! = ¢(1 + c.,) = Op(1) by (12.16). This verifies the first claim in (12.3).

Proof of (12.26). Below we will show that there exists b > 0 such that

zn—ZaD 'EZZ|FDy e > af +blfal*. (12.29)

17



In addition, observe that in Case 2,

n

e;Dgla = alvg_llglt, Z( /D = alv Zglt =al. (12.30)
t=1

Then from (12.22), using (12.29) and (12.30) we arrive at (12.26):

n n
aW,.a > Z o' Dy Elzz| FalDy a — Z(a'D;let)2
t=1 t=1
{al +bllal*} - af = bllal|*.

v

Proof of (12.27). By (12.21) and (12.29),

n
dW..a > Y a'D;'E[ZZ|FD; a— 2| Z (@' Dy ) (€} Dyt a)] (12.31)
B n
> {ai + b’} —2lgnl, gn=>_(@'Dy i) (e, Dy a).
t=1
By Cauchy inequality and (12.30),
n n e n 12
lanl < {D (@D pe)* Y (e;Dy a)?} " = aa| (D (a' Dyt u)?) 7.
t=1 t=1 t=1

Since p1; = 0, then ]a’Dg_l,ut\ < |lal| HDg_lMtH- Hence, using notation c, , introduced in
(12.15), we obtain

NE

n
(' Dy ) < NalPQ 11Dy el ) = llalPesn,

t=1

which together with (12.31) and (12.29) proves (12.27):

dWoa > {a} +0b|[al*} — 2lai|f@llet,s = bl[al|® + {a? — 2as | |[al|cy’r ).

Proof of (12.29). Recall, that in presence of intercept, n; = (1, n2¢, ..., mp) and E[ng] = 0.
Denote 7 = (92, -..., pt)" and 5. = E[fif]. Then

[ztz“]: ] = gtE[ntnt]Igt = gtdlag(l E) gt = dlag(gltalgtzjgt)

where diag(1, i]) is a block diagonal matrix and fgt = diag(gat, ..., gpt). By assumption, the

matrix ¥ is positive definite. Denote ﬁg = diag(vg2, ..., Ugp). Then,

n
Y a'D,'E[zZz| FD, "
t=1

18



n n
= a}{v?Y g} +> @D uSIuD,ta
t=1 t=1
= 7;'17/7]_ + ZTL,Q

Observe that i,,1 = a? since vg_12 St g% = 1. Recall that |[a|| < 1. Hence, by (12.24),

in2 > bl in > al+b|[a|?

for some b > 0 which does not depend on n and a. This implies (12.29).
Summarizing, note that by (12.24) and (12.28),

, c Case 1 (intercept not included),
aW,.a>b, = (12.32)
c (1 +cen)"t:  Case 2 (intercept included),

where ¢ > 0 does not depend on n. Notice that b1 < ¢(1+ c.pn) = Op(1) by (12.16). This
proves the first claim in (12.3).

Proof of the second claim in (12.3) is the same as in Case 1.

Proof of (12.4). Observe that
n n
IWeell < NBLQ Dy 'tz Dy | Falll < E[I1)_ Dy 2z Dy | ]
t=1 t=1

Y ElIDG 2l |F3] < e(1+ cun) = Op(1)
t=1

IN

by (12.51) of Lemma 12.3. This proves (12.4).

Proof of (12.5), (12.6), (12.7) and (12.8). Denote by §;;, the jk-th element of the matrix
DS'S..Dyt =W, = > DyYzz — Elaz|F}Dy ' = (3;1). (12.33)
t=1

To prove (12.5), it remains to show that

Sik = 0p(1). (12.34)

Case 1: e; = 0. Then, by (12.20), we have

thé - E{thz”]:;:] = gt(mm’s - E[nmé])fgt + /~Lt771/;Igt + Igtnt,“:t-
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. o1 .
Therefore, setting ~v;; = Vgi gjt, we can write

n n n
Sk = Y it vke (e — Blngened]) + Y {0 evie e +>_{vg tavie b nje
t=1 t=1 t=1
= Sp1+ Sn2+ Sns, (12.35)

0, < 3(Spi+ SpatShs).

By assumption, sequences {wi: = njenee — Enjeneel}, {wae = mie} and {wse = nj;e} are
covariance stationary short memory sequences with zero mean, and the weights {b1¢ = 7,17kt }
are independent of {wy;}, {ba = v;jl Wit yke b are independent of {woy} and {b3 = v;kl Lt Vit
are independent of {ws;}, Thus, applying Lemma 12.1 to S, 4, i = 1,2, 3, we obtain

n

532% = OP(Z(b%t +b%t + bgt))'
t=1

Denote 7j, = max;—1,...n ’Yth- Then,

n

n n n
Z(b%t + b%t + b%t) < Tin Z ’Ylgt + 7“l<:n(?{q_j2 Z M?t) + 7“]'11(”5,12 Z M%t)'
t=1 t=1 t=1 t=1

Notice that > ;- ; 72, = 1. Observe that r;, = 0,(1) by (6) and v;jz Sty 5 = Op(1) by (7)
of Assumption 2.3. This implies (532% = 0p(1) which proves (12.34).

Case 2. Let ¢; = (1,0,...,0)".

To prove (12.5), it suffices to show that 65, j,k = 1,...,p in (12.33) have property (12.34):

ik = op(1). Recall that in presence of intercept we have z; = (1, 24, ..., Zpt)’

First, observe that for j,k = 2,...,p, 0, are the same as in (12.35) and whence 65, = 0,(1)
by (12.34). Second, 611 = 0 since z1; = 1. Finally, for k = 2, ..., p, we have

Z1t2kt = 2kt = Mkt + GrtMkt;
Elzuzie| Fr] = Elzie| Fr] = pne-

Then,

n

01 = ngll{zltzkt — E[thzkt‘f;]}vgkl
t=1

n n
= o Y Avtgrdme =n"D Ve
t=1 t=1

By assumption, {7} is a covariance stationary short memory sequence with E[ng] = 0, and
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{mkt} and {7x¢} are mutually independent. Therefore, by Lemma 12.1,

n
b1 = 120, (- 97)1?) = n20,(1) = 0,(1)
t=1
which proves (12.34). This completes the proof of (12.5) in Case 2.

Proof of (12.6). 1t follows using the same argument as in Case 1.

Proof of (12.7). To prove that D15, = O,(1), write
D78, = ZDilztut = ZDil(ut + Ipm)heer = (v1, -y 1)
t=1 t=1

It suffices to show that
i = O,(1). (12.36)

We have

n n
vy o= Z{Ulzlﬂktht}gt+Z{Ulzlgktht}77k:t5t
=1 =1

- Sn,l + Sn,?a
vi < 252, 4282,

By Assumptions, 2.1 and 2.2, the sequences {wq; = &}, {war = Ny} are covariance station-
ary short memory sequences with zero mean, the weights {b1; = vk_l prehe} are independent

of {wy}, and {bey = v,;lgktht} are independent of {wa,}.
Thus, applying Lemma 12.1 to each of the sum S, 1,5y 2, we obtain
n
o= 0p( DR +13)).
t=1
Notice that,
n n n n
Z(b%t + bgt) = 1)1;2 Z :U’%th% + UIZQ Zgithf = U1;2 Z#%thg +1=0,(1)
t=1 t=1 t=1 t=1

by (7) of Assumption 2.3 which proves (12.36).

Proof of (12.8). Observe that by (12.5) and (12.4) of Lemma 12.2, D' (37, z2{) D, =
Op(1). Therefore,

n n
Z HDg_lth2 = trace(Dg_l(Z ztzé)D;) = 0p(1).
t=1 t=1
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This proves (12.8) and completes the proof of the part (i) of the lemma.

Proof of Lemma 12.2 (ii). Proof of (12.9). We can write

n
aWowa = E d D B[z 22| F)D a
t=1

n
= E[(D_lla' D sk} | Fy).
t=1
Let 0 > 0 be a small number which will be selected below. Then,

e = {elI(e} > 6) +0I(e? <)} + (67 — 6)I(e? < 9)
> §—6I(e? <0).

Thus,

aWezwwa > S{E[(D_lla'D  zhl|*)|Fr] — E[(D ' D~ 2uhy|PI(e] < 8)|F]}
t=1 t=1
= 5{(]1,” — QQ’n}. (12.37)

We will show that there exist b, > 0 and § = §,, > 0 such that b1 = 0,(1), 5,1 = 0,(1)

and for any a = (ai,...,ap)’, |la]| =1 and n > 1,
qlﬂ’l Z bn7 (12.38)
@n < bn/2. (12.39)

Using these bounds in (12.37), we obtain

a'Wosuua > bl = 6,{bp — (bn/2)} = nbn/2, 1/b% = Op(1). (12.40)

First we prove (12.38). Setting

Zy {hepe} + {helgetne = py + Igeme,  where pf = hype, g7 = hegy,

Dg* = (’Ug*l, ceey Ug*p)/a Ug*k = (Z?:l g;;tQ)l/Z’

we can write .
qin=> D E[Z,Z{|F})D a=d Wyza.
t=1

Observe that the variables Z; = pj + I« satisfy assumptions of Lemma 12.2(i). Hence by
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(12.32),

, c b Case 1 (intercept not included),
aWygza > b, = (12.41)
¢ 11+ cawn) ™t s Case 2 (intercept included),

where ¢ > 0 does not depend on n. Notice that b, < ¢(1 + cuxn) = Op(1) by (12.16). This
proves (12.38).

To prove (12.39), recall that ||a|| = 1. Bound

n
an2 < |lallPano = ana an2 =D EllID ™ zehel P1(eF < 0)| 7).
t=1

In (12.52) of Lemma 12.3 we show that g;, 5 < c1(1+ Can )0/, where ¢; > 0 does not depend
on n and Cy p is defined in (12.15). Thus, selecting

On bu/2 ))4,

(Cl(l + Cxxyn

we obtain gp2 < (1 + c**’n)é}ﬁ/zl = by, /2, which proves the bound (12.39). Notice that
8 < (2ce1)™* can be made small by selecting large ¢ in (12.41).

In turn, by (12.40),

a/szuua Z (b”/2)5n - (bn/2) <Cl(§bj‘/c23w)4

where b, is defined in (12.41). This implies

(1 + cun) ™ Case 1 (intercept not included),

a'Wpupa > bl = (12.42)

c 11+ cown)™®:  Case 2 (intercept included)

for some ¢ > 0 which does not depend on n. Notice that b7 is F measurable, and (b})~! <
c(1 + can)? = Op(1) by (12.16). This proves the first claim in (12.9). The second claim

follows using the same argument as in the proof of (12.3).

Proof of (12.10). Observe that

n n
Weswall < IE[(Q] D™ 2ezuf D[ < E[l| Y D™ aruiz D~ || )
t=1 t=1

n

Y BlID™ 2P [Fi] < bus = (1 + unn) = Op(1)
t=1

IN

by (12.51) of Lemma 12.3 which implies (12.10).
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Proof of (12.11). Write DQ,D = W_'W,,.u W3, (DQ, D)~ = W,,W_L W... By (12.3),
(12.4), (12.9) and (12.10),

I1DDllsp < [IDDDI] < [IWZHWezwal W] < ba = Op(1),  (12.43)
1(DD) sy < [(DRD)H| < ([Wea [ Wl Wz < bus = Op(1). (12.44)

We will show that
a' DQDa > by, =1, 3. (12.45)

Since b,' = bus = O,(1) this proves the first claim in (12.11). To verify (12.45), notice
that the smallest eigenvalue A,,;, of the matrix DQD and the largest eigenvalue 6,,,, of the
inverse matrix (D, D)~! are related by the equality 0,4 = )\;ﬁn. By (12.44), Opaz < bns.
Thus, for ||a|| =1,

a' Dy Da > Apin = 072 > b, =071

max nb»

where b, ! = b5 = Op(1) which proves (12.45). Finally, by (12.43), for ||a|| = 1, ¢’ DQ,,Da <
|| D, D||sp < bra = Op(1) which proves the second bound in (12.11).

Proof of (12.12) and (12.13). Write
t=1

To prove (12.12), it suffices to verify that
Sk = 0p(1). (12.46)

Recall that z; = pu + 2z and uy = hyey, where Esf = 1. Hence,

EN{|Fy] = hi,
Elzui|Fi] = hilgEmei] = Ighie, €= E[med).
By (12.20),
nzd = BEE 4 gl + ezl + Sl
Elzzpui|Fy = ElZzZ0d | Fr) + i Eluf | Fi] + meE[Zui | Fr) + E[Zug | Filw
= E[zZzu;|Fy] + pmpihi Ele7] + {hep}e' {hel g} + {helgeye{hp}.
Then,

zziuy — Elzzpuf|Frl = hilge(mmie; — Elnenjei))hedge + pepiihi (€7 — El€7))

Fhope (e} — Blie) helge + helge(nef — Blnjef])hops.
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Therefore, setting ~v;; = v; 1 gjthe, it follows that

n n
djk = Z Vjt’th(thnkﬁ? - E[thﬁkté?g]) + Z{Uflujtht}%t(nkté?g - E[Ukﬁa)
t=1 t=1
n n
+ > {vy anehiviemjee? — Elnjeei]) + Y vy wehe oy, peha }e? — Elef))
t=1 t=1
_ @ (2 3) (4)
- Tn,jk; + Tn,jk + Tn,jk + Tn,jk'

To prove (12.46), it suffices to show that
e =op(1), i=1,..4 (12.47)

By Assumption 2.4, {njmiei}, {neee?} and {7} are covariance stationary short memory
zero mean sequences, and these sequences are mutually independent of the weights {~v;1 vkt },
{vj_lujtht'ykt} and {(v;lujtht)(vk_luktht)}. Moreover, definition of vy and 7% and (7) of
Assumption 2.3 imply that

n n
Z’Y}%t =1, v,QQZMith? = 0p(1)
t=1 t=1
and by (11) of Assumption 2.4,

max T = op(1), %72 max pihi = op(1).
n t=1,....n

=1,...,

Thus, (12.47) follows by using Lemma 12.1 and applying a similar argument as in the proof

of (12.5). This completes the proof of (12.12).
The claim (12.13) follows using (12.12) and property W1, = O,(1) of (12.9):

ZZUU

DSZLuD = (D78, DY) = (Wasya + 0p(1)) = WL, (14 WL, x 0,(1))

= Wil (14 0,(1) 7 = W2k, + 0,(1).

-1

Proof of (12.14). Write
D89, D" = D7'S,.Dt + DTS, — Sezun) D7 (12.48)
By (12.12), D718, D™t = W0y + 0,(1). We will show that
D7Y89 = Seeun) DY = 0,(1), (12.49)

zZzuu

which together with (12.48) implies (12.14): D=18{9,,D~! = W. ..y + 0,(1). We have, u? —
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E[u?|Fni-1] = hi(e? — o), where 0} = Ele} | Fi—1]. Write
D_l(Szzuu - nguu Z D tht E[uﬂfn,t*l])D_l = ((531‘3)

Then (12.49) follows if we show that
Sik = op(1). (12.50)
We have z; = ur + 2 and uy = hyey. So,

2zp = 22+ ety + ez + 2oy,
22y (ui — Bluf| Fi-1]) = zezihi (€] — of)
= helgnenIgchi (€ — 07) + popyhi (7 — o)
hepeIgihi(ef — 0F) + Tgmepughi (€ — 07).

Hence, denoting v;; = vj_l g;tht, we obtain

Sk = Y Vv (e; — o }+Z{U Hgehe v e (e7 — 07)}

t=1
n
+> o peh v me(ef — 7)) + Z{vjlujtht}{vglumht}{st — ot}
t=1 t=1
- .M (2) ®3) (4)
- Tn,jk: + Tn,jk + rn,jk + rn,jk‘
Observe, that sequences {wi; = (€7 — 07)}, {war = re(e7 — o)}, {wsr = nje(e? — o)},
{wys = €2 — 07} are sequences of uncorrelated random variables Wlth zero mean and constant

variance. For example, by assumption, n;:m; are F;_1 measurable. Then, for ¢ > s,

Elwy] = E[EwylF-]] = EnjmmEl(e} — 0f)|Fi-1]] =0,
Elwywis) = E[mmktmsnks —02)E[(} — o7)| Fia]] =0,
E[w%t] = E[Ugt"?kt - )2|~7:t71]]
< B[ Ele Ift 1] = E[EWjimie; | Fia]] = E[nfiniie1] < oo

Then using the same argument as in the proof of (12.47) it follows
r =0 (1), 1=1,...,4
nik »(1), Y

which proves (12.50) and completes the proof of (12.14).

This completes the proof of the part (ii) and of the lemma. O

Proof of Corollary 12.1. The claim (12.17) is shown in (12.32), and the claim (12.18) is
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shown in (12.42). O
Lemma 12.3. Under Assumptions of Theorem 2.1, the exists ¢ > 0 such that
n n
S E[ID, wl? |Fy] < e(l+cam), Y E[IID  zu|* |F] < ¢(1+ o), (12.51)
t=1 t=1

S E[D  ah|PI(ef < 0)Fr] < e(l+ canm)dH, (12.52)
t=1

for sufficiently small § > 0, where ¢ does not depend on n and 6 and c,,, = Op(1),

Corn = Op(1).

In addition, under assumptions of Theorem 2.2,

 max |[D™ zu|* = 0p(1),  max ||Dyz|[* = op(1), (12.53)

ey seeey Tl

n
> Eb D | PI0, DT 2w P > €) [Fug-1] = 0p(1) for any € > 0,(12.54)
t=1

where by, is F; measurable, bt = Op(1) and F,, 11 is defined as in (9.6).
Proof of Lemma 12.3. Proof of (12.51). Denote

bie = 1Dy el + 1D el P, 01 = 1+ |Imil
bar = ||D;  pehal|? + ||Dy  Igehy ||, a0 = 7 + ||melPe?

By (12.19),

1Dy 2el|? = 1Dy e + Dy Hgenel 2 < 211D el [P+ 11Dy L e *)
< 2bybus, (12.55)

\|D;12tut\|2 = |’D;1Ntht5t + DgllgmthtatHQ < 209409

By Assumption 2.2(i) and Assumption 2.4(i),
Elby: |Fy] = E0u] = E0n], E[0x |F;] = Elf2] = E[f21].
This implies

E[||Dg 2 l* | F,]
E[||ID™ 2w | | Fy]
]
]

IN

%1, E[011], (12.56)
2024 E[021],

2B[011] (3201 bue),

2B[021) (3241 bat)-

IN

S ElIID, 2| ? | Fr
Sy BIID; 2w | | F
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Notice that

Do bue = 20 1Dy el P+ 300 1Dy gl = con + p,
Doimy boe = D5 (1D pehe| 2+ 300 [[D ™ geha]|* = conn + 1, (12.57)

by definition (12.15) of Cxn and ¢4y, and because

i 1Dy el P = 2002, Vgk 2 90 =
> e HDilIgthtH2 = k:1 Vg (Zt:l gktht) =D

Moreover, ¢y pn = Op(1), s n = Op(1) by (12.16). Clearly, (12.56) and (12.57) prove (12.51).
Proof of (12.52). Denote

020(6) = I(ef < 0) + [|mel[*1 (7 < 9).
Recall, that by assumption, ¢, is a stationary sequence, and by Assumption 2.2(i), E[||n:||*] =
E[||m[*]. Then,

E[§2(5)] < E[I(ef < &)+ (Elllml|)"*(EU(eF < 0))'/
= B[} < 8)]+ (Elllm|[)'*(B[I(e} < &))"

We will show that for sufficiently small 6 > 0,

E[I(e3 < §)] < CsY/2.
Indeed, by Assumption 2.1, the variable 1 has probability distribution density f(x) and

f(z) < ¢ < oo when |z| <z for some zy > 0. Without restriction of generality assume that
6 < zg. Then,

E[I(2 < 68)] = [I(Jz] <6Y2)f(z)dx < c [ I(Jz] < 6Y2)dx < CSY/2.
Therefore, E[f:(5)] < C6'/4, and as in (12.56), we obtain

[HD Laehe| 21 (e} < 6) |~7:*] < 2094 E[02:(9)] < C5/ by,

ZE D™ zeha| P17 < 6) | Fp] < COVACY bar) < COV4(p + Cann),
t=1 t=1

which proves (12.52).

Proof of (12.53). We will prove the first claim (the proof of the second claim is similar). By
(12.55), || D~ zpuq||? < 2bgi02¢. Let K > 0 be a large number. Then, 6y < K +602,1(02; > K).

Therefore,

max 1D 2> < 2K ( max by) +22b2t02t1(02t>K) (12.58)
""" t=1



By (11) of Assumption 2.4 and (12.57),

 max by = oy(1), Zb% = 0,(1). (12.59)

-----

Since {b:} and {6y} are mutually independent, then by (12.2) of Lemma 12.1,

Zbgt 92,5] 92t > K Z b2t n, K> n,K = tfllax E[GztI(GQt Z K)] (1260)
t=1 el

We will show that
An k < Ax, (12.61)
where A — 0, K — 0o and Ag does not depend on n. Together with (12.58) this implies

 max ID7 zpug||? < Kop(1) + Op(1)Ax = 0,(1), n, K — 0.

=1,...,

Next we prove (12.61). Set L = K%, Then, letting ELt =e2I(e? > L), we obtain

O = ef(llmll* +1) < {eZh + LI(ef < D)} (|Iml|? + 1),
Ot (02t > K) erh(Imll* +1) + L(||77t|!2 +DI(L(([ml* + 1) > K),
B[00 (02 > K)] (EIETD D2 E[(Imel 1 + 1)) + LE[(|lme] | + 1)*)(K/L) ™!
(Bl DAEIm? + 12DV + (LK) E[(|Im]* + 1))
= Ag—0, K->

IN A

IN

since, as K — oo, L?/K = K~'/2 — 0, E[(ELl)Q] — 0 and E[||n]||* < oo. This implies
(12.61).

Proof of (12.54). Denote by i, the left hand side of (12.54). By (12.55), ||[D ™ 2ius||? < 2b9:04;.
Let K > 0 be a large number. Then,

by | ID ™ w21 (b, M| D™ Pz |? > €) < 26y, MboyBai I (205, M boyor > €)
< 20, Moo KT (20, Moo K > €)1(020 < K) + 2b;, ' b0 1 (02 > K)
< K(e/K) Y20, bay)? + 20, Lboyla I (9 > K).

Observe, that b, Lhys is Fn,t—1 measurable. Then,
in < K (e/K) 212 Sy B+ 2670 S0 bl (0 > K.
Together with (12.60), (12.61) and (12.59), this implies:

in < K(e/K)7H(20,1) (maxi=1,...n bat) (304 bae) + 265 (300 bae) A

29



< K(e/K)'0p(1)0,(1) + Op(1)Ax = 0p(1), n, K — c0.

This proves (12.54) and completes the proof of the lemma. ]
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